Abstract:For this famous Fermat's Last Theorem(FLT) for exponent 3, from L.Euler(1770) to F.J.Duarte(1944) many had given proofs. But in all the proofs some concepts, which are beyond the scope of Elementary Number Theory(ENT), are used. In this paper we will be presenting an ENT proof of FLT for exponent 3. First we solve a cubic equation, showing that it has only trivial solution in integers by the famous method of infinite descent. This requires some known results from the theory of binary cubic forms, which are well understood in the purview of ENT. Later we will show a equivalence relation between this cubic equation and FLT for exponent 3, which concludes the proof. So unlike other proofs this proof can be considered to be based on ENT.
In this paper we require some results from the theory of Binary Cubic Forms, for which we follow L.J.Mordell [1] . We will denote the Greatest Common Divisor(gcd) of integers α, β, γ, ... by symbol (α, β, γ,...).
Consider the binary cubic
f (x, y) = ax 3 + bx 2 y + cxy 2 + dy 3 ,
with integer coefficients and discriminant
where D = 0. Here D is the invariant
and α, β, γ are the roots of the equation 
the discriminant of H(x, y), B 2 − 4AC = −3D, and Lemma1: The binary cubic f (x, y) and the covariants H(x, y), G(x, y) are algebraically related by the identity,
One can see by substituting the expressions for f (x, y), H(x, y), and G(x, y) from above, the identity follows.
Lemma2: The number of classes of binary cubics with given discriminant D = 0 is finite. [1] Now take
Lemma3: All integer solutions of
are given by the formulae (3) above.
Proof. For the proof of this lemma, we follow word by word the proof given in L.J.Mordell [1] for the equation of the form X 2 + kY 2 = Z 3 .
Let (X, Y, Z) = (g, f, h) be a solution such that
We shall construct a binary cubic f (x, y) with integer coefficients and of discriminant D = k such that g, f, h are values assumed by G(x, y), f (x, y), H(x, y) for integer x, y. Then all solutions of (4) are given by taking f (x, y) a set of binary cubics of discriminant D and letting x, y run through all integer values for which (X, Z) = 1.
Since from (5), −3k is a quadratic residue of h, there exist binary quadratics of discriminant −3D with first coefficient h, for example, say (h, B, C) = hx 2 + Bxy + Cy 2 , where B 2 − 4hc = −3k.
We take for B any solution of the congruence 3f B ≡ −g(mod 4h 3 ).
We shall now construct a binary cubic (f, b, c, d) with discriminant D = k and H(x, y) given in (3) by (h, B, C).
we can take b ≡ g/2h(mod f ) and in particular, 2bh = g + 3f B, and so b ≡ 0(mod 2h 2 ).
Then
We now show c is an integer,
We now find d.
On simplifying, 24h
So d is an integer.
Lemma4: Given nonzero integers x, y such that (x, y) = 1 for any positive odd integer n,
Proof. Let (x+y, n) = g. Since,
will divide all terms except last. Hence x+y g ,
x n +y n g(x+y) = 1.
In this paper we will see that we require binary cubics f (x, y) and its covariants H(x, y), G(x, y) with D = 1. In accordance with Lemma2 we will see that for the case D = 1 there are four classes of binary cubics. Now if D > 0, the roots α, β, γ are all real. Then H(x, y) is a positive definite form since H(x, y) > 0 unless 3ax+by = 0, and cx+3dy = 0, bx+cy = 0 have a solution other than x = y = 0. This requires D = 0. So we can take A, C ≥ |B|. We get AC ≥ B 2 and from 4AC − B 2 = 3D, AC ≤ D.
For D = 1 from above inequalities we have,
Since A, |B|, C are positive integers the above inequalities gives, A = 0 or 1, |B| = 0 or 1, C = 0 or 1. From 4AC − B 2 = 3D we see that none of A, |B|, C can be zero, so
, we see none of b, c can be zero, so |b|, |c| ≥ 1. Now taking
and substituting in |bc − 9ad| = 1 we get,
Let |b|, |c| > 1. First if |b| = |c| > 1 we get from above equation Since we will be using (4) later, from its form we see, when D = 1 it is sufficient to take
Theorem1: If u, v, w are pairwise prime integers and 3 | u, then the cubic equation
has no solution in nonzero integers u, v, w.
Proof: We will be proving the above theorem by the method of infinite descent. From (7) we see
We can always choose nonzero integers M, N, p, q such that,
where 3 | p if and only if 3 3 | u, and 3 ∤ M, N, q. One can see N, q are odd integers. By Lemma4
Substituting for u, v + w, vw in terms of M, N, p, q in (7) and after rearranging we get
Now using (9) let us find M, N in terms of p, q. Since q is odd 9q 2 − 2M 2 is odd. Let (9q 2 − 2M 2 , M + 2q) = δ. Since 9q 2 − 2M 2 = q 2 + 2(4q 2 − M 2 ) any prime divisor ǫ of δ divides q ⇒ ǫ | M . But (M, q) = 1 so δ = 1. Since (N, 3p 2 ) = 1 from (9) we have,
We can see u, v + w, vw are integers. If v − w is also an integer it shows the existance of integer solutions for (7) in terms of integers p, q. Substituting for v + w, vw in the following expression we get,
which after rearranging gives,
From Lemma3 all integer solutions of the above equation is given by (3). So we get,
We have D = 1, so from (6) for f (x, y) we get,
Let (x, y) = δ. Since H(x, y) = x 2 ± xy + y 2 any prime divisor ǫ of δ divides q. From (10) we see ǫ divides either p or p 2 − 2q ⇒ ǫ | p. But (p, q) = 1 so δ = 1. Since x, y have opposite parity we have f (x, y) is even, H(x, y) is odd and from (10) p is even, always.
To find the integer solutions for (10), we follow a similar procedure as we did for (7). It possible to choose integers nonzero Q, R, S, T such that
Since (x, y) = 1, we have (Q, S) = (Q, T ) = (R, S) = (R, T ) = 1. Substituting for x, y in terms of Q, R, S, T in (10) and after rearranging we get,
To evaluate Q, S in terms of R, T we should know about (R 2 + 2S 2 , S ± 2R), for which we require (Q, R) and (S, T ). Let (Q, R) = δ any prime divisor ǫ of δ from (12) will divide (R 2 + 2S 2 ) since (Q, T ) = 1. So ǫ has to divide 2 or S. Since (Q, S) = 1 we have ǫ ≤ 2 ⇒ (Q, R) ≤ 2.
Similarly let (S, T ) = δ any prime divisor ǫ of δ from (12) will divide (S ± 2R) since (Q, T ) = 1. So ǫ has to divide 2 or R. Since (R, T ) = 1 we get (S, T ) ≤ 2.
We will now show that 3 | f (x, y). From (8) we have 3 ∤ q. Assume 3 ∤ f (x, y) then x ≡ ±y (mod 3) ⇒ H(x, y) ≡ 0 (mod 3) a contradiction. Since 3 | f (x, y), it is sufficient if we solve for the cases when 3 | Q or R or S or T .
Let (R 2 + 2S 2 , S ± 2R) = δ. We will try to see what could be the possible values of δ. Let ǫ be a prime divisor of δ. Then ǫ | 3 or R. If ǫ | R then ǫ | S. Since (R, S) = 1, δ can be 1 or a multiple of 3 only.
Case-I: We will show for the following cases δ = 1. (12) we choose the case T 2 (R 2 + 2S 2 ) = Q(S − 2R). Using similar arguement as in (a) above we get δ = 1. We will take up T 2 (R 2 + 2S 2 ) = Q(S + 2R) in Case-II.
(c) 3 | R or S. In both the cases 3 ∤ (S ± 2R). Since R 2 + 2S 2 = 2(S 2 − 4R 2 ) + 9R 2 any prime divisor of δ divides R so δ = 1.
For all the cases (a), (b), (c), we have (R 2 + 2S 2 , S ± 2R) = 1 and (Q, T ) = 1. So from (12) we get
As we did before when we evaluate x ∓ y in terms of R, T we get,
Now we will analyse the following cases.
(i) When R-is even. We have (R, T ) = 1 and 3 | T . We get T, T (T 2 ∓ 6R)and so (x ∓ y)-all are odd. Let (36R 3 , T 2 (T 2 ∓ 6R) 2 ) = δ any prime divisor of δ has to divide T ⇒ δ = 1. So from (13) we get (x ∓ y) 2 , T 2 (T 2 ∓ 6R) 2 = 1. We will see there will be no loss of generality if take (x − y) − T (T 2 − 6R) < 0 and divisible by 3. Now from (13) we get the following equations,
where R = P L and (P, L) = 1. Eliminating (x − y), (x + y) from the above equations we get
Substituting for [3L = −r, P = −s, T = t] and [3L = r, P = −s, T = t] in the above first and second equation respectively we get,
which has the form of (7) and 3 | r. Since we have u = 9pq, p = RT , R = P L, |3L| = |r|, we see
So by the method of infinite descent there will be no solution in nonzero integers u, v, w for (7).
(ii) When R-is odd. T, T (T 2 ∓ 6R), (x ∓ y)-all can be even or odd. If T, T (T 2 ∓ 6R), (x ∓ y) all are odd then we have the same case as Case-I:(i) above. Now when T, T (T 2 ∓ 6R), (x ∓ y) all are even, we see 4 | T (T 2 ∓ 6R). So from (13) we get 2 (x ∓ y). From similar arguements as in Case-I:(i) we can see that (x ∓ y, T (T 2 ∓ 6R)) = 2. So in this case also we can proceed exactly as in Case-I:(i) above and show there are no solution in nonzero integers u, v, w for (7).
Now we take the remaining cases for the completion of the proof, Case-II: We will show for all the following cases δ = 9. (c) 3 | T . Since (Q, T ) = 1 we see from (12) 3 2 | (S ± 2R), (R 2 + 2S 2 ) and again from (12) we get
For all the cases (a), (b), (c), we have (R 2 + 2S 2 , S ± 2R) = 9 and (Q, T ) = 1. So from (12) we get
Evaluating x ∓ y in terms of R, T we get,
(i) When R-is even. We have (R, T ) = 1 and 3 | R. We get T, T (9T 2 ∓ 6R)and so (x ∓ y)-all are odd. Let (4R 3 , T 2 (9T 2 ∓ 6R) 2 ) = δ any prime divisor of δ has to divide T ⇒ δ = 1. So from (14) we get (x ∓ y) 2 , T 2 (T 2 ∓ 6R) 2 = 1. Like we had seen before there will be no loss of generality if take (x − y) − T (T 2 − 6R) < 0. From (14) we get,
and
Substituting for [3T = r, P = −s, L = −t] and [3T = r, P = −s, L = t] in above first and second equation respectively we again arrive at,
where 3 | r. We have u = 9pq, p = RT , |3T | = |r|, so
So again by the method of infinite descent there will be no solution in nonzero integers u, v, w for (7).
(ii) When R-is odd, T, T (9T 2 ∓ 6R), (x ∓ y)-all can be even or odd. If T, T (9T 2 ∓ 6R), (x ∓ y) all are odd then we have the same case as Case-II:(i) above. Now when T, T (9T 2 ∓ 6R), (x ∓ y) all are even we see 4 | T (9T 2 ∓ 6R). So from (14) we have 2 (x ∓ y). From similar arguements as in Case-II:(i) we can see that (x ∓ y, T (9T 2 ∓ 6R)) = 2. Now we can proceed exactly as in Case-II:(i) above and show there are no solution in nonzero integers u, v, w for (7), which completes the proof.
R. Perrin [2] had shown the following fact concerning FLT for exponent 3,
The following statements are equivalent and true:
(1) Fermat's last theorem is true for the exponent 3.
(2) For every n ≥ 1 the equation
has no solution in nonzero integers X, Y, Z, not multiples of 3.
We will show that the above equation and (7) are same. In (7) we have 3 | u and 3 ∤ v, w. Let n ≥ 1 such that 3 n u. If we take u = 3 n Z, v = X, w = Y we see 3 ∤ XY Z. After substituting for u, v, w in (7) we get the above equation.
Now we state the following theorem wherein we show the equivalence relation between (7) and FLT for exponent 3 by an independent method.
Theorem2:
The equation x 3 + y 3 + z 3 = 0 has no solution in nonzero integers x, y, z.
